Kepler-7b is to date the only exoplanet for which clouds have been inferred from the optical phase curve-from visible-wavelength wholedisk brightness measurements as a function of orbital phase.
Significance: We investigate the potential of optical phase curves for the characterization of exoplanet clouds. In the case of the low-density, close-in giant planet Kepler7b, its phase curve reveals that the planet clouds are optically thick and composed of poorly absorbing condensates. We also constrain the cloud particle size, which is an important parameter in the study of the photochemistry, wind dynamics, and cloud microphysics of the planet atmosphere. Our work establishes a valuable framework within which to investigate exoplanet atmospheres using upcoming flagship space missions such as the European Space Agency's CHEOPS and PLATO and NASA's TESS, which will all fly within the decade.
Phase curves provide unique insight into the atmosphere of a planet, a fact well-known and tested in solar system exploration [1, 2, 3] . Disentangling the information encoded in a phase curve is a complex process however, and interpretations can be faced with degeneracies. The potential of phase curves to characterise exoplanet atmospheres, particularly in combination with other techniques, is tantalising. Phase curves observed over all orbital phases (OPs) are available for a few close-in planets in the optical (passband central wavelengths λ<0.8 µm) [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 ] and the infrared (1 µm≤λ≤24 µm) [16, 17, 18, 19] . At infrared wavelengths the measured flux from hot planets is typically dominated by thermal emission. In the optical, both thermal emission and reflected starlight contribute, with the relative size of the contributions dependent on the measurement wavelength as well as on the temperature of the atmosphere and the occurrence of condensates [20, 21, 22, 23, 24, 25] .
Kepler-7b [26] is one of the ∼1000 planets discovered by the Kepler mission. Its inferred mass M p (=0.44M J ; J for Jupiter) and radius R p (=1.61R J ) result in an un-1 usually low bulk density (0.14 g cm −3 ) that is inconsistent with current models of giant planet interiors [27, 28] . Kepler-7b orbits a quiet G-type star of effective temperature T ⋆ =5933 K every 4.89 days (orbital distance a=0.062 astronomical units) [6, 7] , and tidal forces have likely synchronised its orbit and spin motions. Taken together these set a planet equilibrium temperature T eq ≤1935 K.
Kepler photometry (0.4-0.9 µm) of the star-planet system has enabled the optical study of Kepler-7b [4, 5, 6, 7, 10, 14] . The inferred geometric albedo, A g =0. 25 -0.38 [4, 6, 7, 10, 14] , reveals a planet of reflectivity comparable to the solar system giants (A g =0.4-0.5), which is unexpectedly high for a close-in gas planet. Theory indeed predicts that the strong stellar irradiation that a planet in such an orbit experiences strips off reflective clouds, rendering the planet dark (A g <0.1) [22, 25] . The prediction is largely consistent with empirical evidence, and dark planets dominate the sample of known close-in giant planets [8, 13, 21, 29, 30] . Exceptions exist, and other planets (51 Peg b, A g =0.5×(1.9/(R p /R J )) 2 at 0.38-0.69 µm [31]; HD 189733b, A g =0.40±0.12 at 0.29-0.45 µm [32]; KOI-196b, A g =0.30±0.08 at 0.4-0.9 µm [33]) with elevated albedos suggest that we are beginning to sample the diversity of exoplanet atmospheres. Potentially compensating for strong stellar irradiation, Kepler-7b's low surface gravity (417 cm s −2 ) may help sustain reflective condensates lofted in the upper atmosphere that would increase the planet albedo [25] .
Brightness temperatures for Kepler-7b inferred from occultations at 3.6 and 4.5 µm with Spitzer (<1700 and 1840 K, respectively [7] ) are well below the equivalent brightness temperature deduced from Kepler data (∼2600 K). This key constraint, placed in the framework of heat recirculation in the atmospheres of close-in giants, is evidence that the Kepler optical phase curve is dominated by reflected starlight rather than by thermal emission [7, 21, 34] . Interestingly, the peak of the optical phase curve occurs after secondary eclipse (OP>0.5), when the planet as viewed from Earth is not fully illuminated and longitudes westward of the substellar point are preferentially probed. This asymmetry hints at a spatial structure in Kepler-7b's envelope caused by horizontally inhomogenous clouds [7, 21, 34] . Subsequent investigations have identified other planets that show similar offset between occultation and peak brightness [4, 10] . However the lack of infrared measurements for these means that it has not been possible to rule out contamination in the optical by a thermal component as the cause of the asymmetry.
Recent work has used the optical phase curve of Kepler7b to build brightness maps [7, 34] , investigate the prevalence of reflected starlight over thermal emission [34] , and explore plausible cloud configurations [35] . No previous study has systematically connected the extent, location and optical thickness of the cloud, or the composition and size of the suspended particles, to the measured phase curve. That exercise is the objective of this paper.
Atmospheric model
We set up an idealised atmospheric model of Kepler-7b that mimics a vertically uniform yet horizontally inhomogeneous cloud atop a gas sphere. In an initial exploratory investigation, six parameters (τ c , σ c , ∆φ c , ̟ 0 , g 1 , r g ) specify the optical properties of the cloud-gas medium. An analytical expression captures the inhomogeneity of the optical thickness τ (φ, ϕ; τ c , σ c , ∆φ c ) for the prescribed cloud in the longitude (φ) and latitude (ϕ) directions (SI Appendix). Here, τ c denotes the maximum vertically integrated optical thickness within the cloud, σ c yields a measure of its horizontal extent, and ∆φ c is the cloud offset eastward of the substellar point (Fig. 1) . The fraction of photons that propagate further after collisions with cloud particles is set by the single scattering albedo ̟ 0 , whereas the photon propagation directions are dictated by a double Henyey-Greenstein (DHG) phase function that has both forward and backward lobes [20, 36] . The shape of the DHG phase function is parameterised by the asymmetry parameter g 1 of the forward component (SI Appendix). A Lambert-like surface of reflectance r g at the bottom of the cloud accounts for the effect of scattering from the gas below. The values explored for the six parameters are given in Table 1 , and include r g =0, 0.1, 0.2 and 0.3 and thus different degrees of absorption by the gas. A non-zero r g allows for partial back-scattering from the gas, and may be a more realistic representation of the atmosphere -alkalis and titanium/vanadium oxides can have broad spectral wings and are believed to be the main gas-phase absorbers over the Kepler passband [25, 37, 38] . The selected r g values are motivated by photochemical and cloud formation models over a range of temperatures bracketing the conditions on Kepler-7b [22, 25] .
Model phase curves
We created a grid of possible atmospheric configurations that probes ∼1.5 million combinations of the six parameters. The radiative transfer calculations were performed using a Monte Carlo algorithm specifically designed for horizontally inhomogeneous planets [39, 40] . For each combination we solved the multiple scattering problem and generated a reflected starlight phase curve as a function of the star-planet-observer phase angle α. Our treatment assumes that the contribution to the optical phase curve from thermal emission is minimal, which is appropriate for Kepler-7b [7, 34] , and that can be neglected. To compare with the measurements, we expressed the model results as planet-to-star brightness ratios:
with the planet phase function normalised such that Φ(α=0)≡1. F p and F ⋆ are the brightness of the planet and star, respectively. Kepler-7b follows a circular orbit of inclination angle i=85.2
• [6] . Changes in α through the planet orbit were accounted for through cos (α)=− sin (i) cos (2πOP).
We evaluated the χ 2 statistic, weighted by the measurement uncertainties, for the difference in F p /F ⋆ between observations and models (SI Appendix). By construction, the calculated χ 2 is a six-parameter function χ 2 (τ c , σ c , ∆φ c , ̟ 0 , g 1 , r g ). We excluded from the summation measurements within the transit and secondary eclipse, which makes the total number of usable measurements N =1,244.
Phase curve interpretation
We found minimum χ Table 2 . Individual confidence intervals for each input parameter were estimated from the inequality ∆χ 2 = χ 2 −χ 2 m <15.1 by optimising all parameters except r g and the one being considered (SI Appendix). Mathematically, the confidence intervals bracket the bestmatching input parameters with a 99.99% probability (∼4 SDs) [41, 42] . For r g =0, 0.1, 0.2 and 0.3, the condition ∆χ 2 <15.1 resulted in a total of 289, 197, 160 and 131 model phase curves, respectively, which we refer to as the minimal-χ 2 sets.
Projected 2D χ 2 maps were obtained for each r g by optimisation of all input parameters except the two on the axes and r g (Fig. 2 for r g =0.1; SI Appendix, S8-S10 for r g =0, 0.2 and 0.3). The maps provide insight into how particular parameter combinations compensate for one another to produce degeneracies in the interpretation of the measured phase curve. They also help visualise the inferred confidence intervals.
Only prescribed clouds that are optically thick at their centre (τ c ≥20) reproduce the observations well. The constant-χ 2 (σ c , ∆φ c ) contours show that the bestmatching σ c and ∆φ c values are correlated in continua of (σ c , ∆φ c ) combinations that begin from narrow (σ c ∼15
• ) clouds moderately displaced (∆φ c ∼−45
• ; westwards) from the substellar point and extend to much broader patterns centered near or beyond the western terminator. This is evidence that a variety of clouds provide comparable net scattering from the planet's visible day side and reproduce the brightness peak after secondary eclipse.
We also find that cloud particles with near-zero absorption (̟ 0 ∼1) must be invoked, and that low χ 2 s are obtained within a broad interval of g 1 values. The asymmetry parameters for the forward component (g 1 ) and full scattering phase function (g) generally depend on the shape, size and composition of the scattering particles as well as on the wavelength of the incident radiation [43] . The fact that the minimal-χ 2 sets contain model phase curves with g 1 values in the 0.05-0.7 range (0.05-0.57 for g; SI Appendix) suggests that both small particles (leading to isotropic scattering) and larger particles (leading to moderate anisotropic scattering efficiency) produce model phase curves consistent with the observations. Furthermore, the projected χ 2 (∆φ c , g 1 ) reveals that χ 2 variations are gradual in the g 1 direction, which makes it difficult to constrain this parameter. The latter difficulty is inherent to the interpretation of brightness phase curves and is well known from studies of Venus [1] . The modest signal-tonoise ratio of the Kepler-7b measurements does not create the difficulty, but does exacerbate it (SI Appendix). These conclusions are generally valid for all r g =0, 0.1, 0.2 and 0.3 minimal-χ 2 sets.
3), and thus better fits are obtained when the prescribed cloud rests above a poorly reflecting gas atmosphere. Provided that alkalis dominate the gas-phase absorption, this might be consistent with a cloud that lies at pressures less than 10 −4 bar for which the neutral-to-ion alkali transition likely occurs in the atmospheres of close-in giant planets [37] .
The degeneracy in the observation-model fitting is best appreciated in Fig. 3 , Top. It confirms that many of the model phase curves in the minimal-χ 2 sets are virtually indistinguishable to the naked eye, even though they correspond to very different cloud configurations. In the Venus case, a combination of whole-disk measurements of brightness and polarisation was required to reveal the composition and size of the upper cloud particles [1, 44, 45] .
Cloud particle optical properties
We attempted to connect the constraints placed on the single scattering albedo and asymmetry parameter by the minimal-χ 2 sets to the composition and particle size of plausible condensates. These are critical properties in the study of the photochemistry, wind dynamics and cloud microphysics of planetary atmospheres. We used Mie theory [46] to calculate values for ̟ 0 and g using particle parameters such as the effective radius (r eff ) and real and imaginary parts of the refractive index (n r and n i ) at a midband wavelength of 0.65 µm (SI Appendix). A key outcome of the Mie calculations is that only condensates with n i 0.003 are consistent with the limits of ̟ 0 (r eff , n r , n i ) 0.99 and g(r eff , n r , n i ) 0.6 that we established based on the investigation of the minimal-χ 2 sets. We identified four candidate cloud components that have both condensation temperatures of 1,000-2,000 K, relevant to the equilibrium temperature of Kepler-7b [47, 48] , and n i 0.003: two silicates (Mg 2 SiO 4 and MgSiO 3 ), perovskite (CaTiO 3 ) and silica (SiO 2 ). Without further information it is not possible to favour one candidate above another. Due to differences in their refractive indices, we were able to tentatively constrain the particle effective radius for each of them. For the silicates (n r ∼1.6 and n i ∼10 −4 in the optical, www.astro.unijena.de/Laboratory/OCDB/), we found that only Miescattering particles with r eff =0.04-0.16 µm complied with the inferred limits on ̟ 0 and g. In turn, for perovskite (n r =2.25 and n i ∼10 −4 [48, 49] ), the range of effective radii is r eff =0.02-2 µm. And for silica (n r =1.5 and n i ∼10 −7
[50]), r eff =0.004-0.16 µm.
Significant optical thicknesses and moderately small particle sizes suggest that Kepler-7b's cloud might be vertically extended and reach high in the atmosphere [35] . This idea appears consistent with the expectations for low-gravity planets [25] and with a plausible cloud base at the 10 −4 bar level. Vigorous atmospheric winds, as predicted by 3D models [51] , could well keep micron-sized and smaller particles aloft at such pressures [21] .
It is appropriate to verify the above conclusions with a full Mie multiple-scattering treatment. The DHG approximation is a convenient but simplified approach to particle scattering. A more thorough treatment of the multiple scattering problem would have used particle phase functions derived from, e.g., Mie theory and would have explored separately the impact of n r , n i and r eff on the model phase curves. At present, such a treatment is computationally prohibitive, which justifies our adoption of the DHG parameterisation for the exploration exercise.
To assess the conclusions on the inferred values of r eff , we produced model phase curves specific to silicate, perovskite, and silica clouds. The new grid differs from the one summarised in Table 1 mainly in that we now omit the DHG parameterisation. Instead, we implement particle scattering phase functions and single scattering albedos ̟ 0 obtained directly from Mie theory. For each particle composition (and corresponding n r , n i values), we sample r eff from 0.001 to 100 µm to produce the needed input to the multiple scattering problem. By forming χ 2 (τ c , σ c , ∆φ c , r eff , r g ) for each composition, and confidence intervals ∆χ 2 <15.1 for each model input parameter, we confirm that the above conclusions based on the DHG parameterisation are overall valid. Specifically, for r eff we infer confidence intervals of 0.1-0.32 µm (silicates), 0.08-0.2 µm (perovskite) and 0.1-0.4 µm (silica). Smaller particles result in excessive absorption, whilst particles that are too large lead to unobserved back scattering at small phase angles in the planet phase curves (SI Appendix, Fig. S3 ). These particle radii are to be preferred over those found from the DHG parameterisation.
Planet albedos
Both the geometric A g and spherical A s albedos quantify the overall reflecting properties of a planet (SI Appendix). For the minimal-χ 2 sets, we infer A g ∼0.2-0.3 and A s ∼0.4-0.5 (Table 2 ). An A s ∼0.5 means that Kepler7b reflects about half of the visible-wavelength radiation that it receives. Most of the stellar output for T ⋆ =5933 K is emitted over the Kepler passband, and thus the derived spherical albedos are also first-order approximations to the Bond albedos A B that impact directly on the energy budget and equilibrium temperature of the planet. Taking A B ∼0.5, we obtain an estimate for the planet equilibrium temperature (assuming no heat recirculation) of T eq =1935/2 1/4 ∼1630 K.
Multi-colour phase curves
Our investigation of Kepler-7b has shown that highprecision broadband optical photometry can help characterise exoplanet atmospheres. In the coming decade, photometric missions such as CHEOPS [52] , PLATO [53] and TESS [54] will provide optical phase curves of numerous targets. Over the same period, the James Webb Space Telescope will provide the necessary infrareddiscrimination power to separate the planet components due to reflected starlight and thermal emission. Future exoplanet missions will then be able to obtain multi-colour and spectrally-resolved phase curves. We have explored the added value of multi-colour data. We produced model phase curves at λ=0.4 µm, 0.65 µm, and 0.9 µm based on our best-matching solutions of the Kepler-7b data. Again, we assumed that thermal emission at all wavelengths considered is negligible and accounted for wavelength-dependent changes in τ c and g 1 by assuming that the dominating cloud particles have r eff =0.1 µm, n r =1.5 and n i =0. The synthetic phase curves (Fig. 3 , Bottom) and the differences between them of up to 20 ppm suggest that multi-colour observations will provide additional constraints on cloud properties.
Relevance to General Circulation Models
There are other approaches to interpret optical phase curves. One of these is based on general circulation models (GCMs), which jointly treat the dynamics, energetics and chemistry of 3D atmospheres [16, 55, 56, 57] . GCMs often omit clouds however, a simplification likely to affect the simulated atmospheric fields. In addition, omitting clouds will affect the overall planet brightness, as clouds potentially reflect much of the visible-wavelength incident starlight. Our finding that a continuum of cloud patterns is consistent with Kepler-7b's optical phase curve suggests that more than one GCM solution will also reproduce a given observed optical phase curve. We have shown that difficult-to-constrain factors such as the extent and location of the cloud pattern (dependent on the condensation of available atmospheric substances and on whether the cloud forms locally or is transported from the night side by planet-scale winds) or the asymmetry parameter (dependent on the cloud particle microphysics) may compensate for one another and result in visually equivalent optical phase curves. The credibility of GCMbased predictions of optical phase curves is sensitive to these considerations: ignoring them may lead to the misinterpretation of available and future optical data.
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is critical when modelling the planet phase curve over the entire range of orbital phases. In order to reduce the number of parameters in p DHG and in turn in the atmospheric model of Kepler-7b, it was further assumed that
. This ad hoc simplication effectively splits p DHG into a mainly forward component of asymmetry parameter g 1 and a mainly backward component of asymmetry parameter g 2 , and assigns a weight to each of them. This behaviour qualitatively resembles more realistic formulations such as Mie theory [6] . Following simple manipulations, the asymmetry parameter for the DHG phase function is derived as: Alternatively, in our full Mie treatment of the multiple-scattering problem, particle scattering is accounted for by phase functions obtained from Mie theory, p Mie . This more elaborate treatment is used to verify the conclusions obtained with the DHG parameterisation in the specific cases of silicate, perovskite and silica condensates. Figure S1 shows
Radiative transfer modelling
We calculated A g Φ(α) for each combination of the six parameters in the atmospheric model of Kepler-7b (five parameters in the full Mie treatment of multiple scattering) with a Pre-conditioned Backward Monte Carlo (PBMC) algorithm that solves the radiative transfer equation for multiple scattering [7, 8, 9] . The PBMC algorithm directly considers the integration over the visible disk of the planet, which saves computational time when only the diskintegrated signal is required. The calculations were carried out in uniform steps of 5
• for the star-planet-observer phase angle α, resulting in a total of 73 points to sample the entire [-180
• ,+180
• ] range of phase angles. The accuracy of the algorithm has been thoroughly tested with more than 32,000 test cases in previous work [8] in both its scalar and vector (polarising) formulations, and for viewing geometries that either spatially resolve the planet or that consider the whole-disk signal. As an additional verification, in the course of the current work we also compared the output of the algorithm to that for optically thick atmospheres that scatter according to both (scalar) Rayleigh and SGH phase functions. We found excellent agreement for A g with published solutions [5] (their Table XXI ), except in one specific case (SHG; g=0.85; ̟ 0 =0.999). In that instance, our solution matched exactly the solution quoted in a later work [4] , which also reported disagreement with Ref. [5] . In addition, we verified that in the limit of zero optical thickness the numerical solutions tended exactly to the analytical expression for Lambert spheres. As a final check, we compared the model phase curves obtained with the PBMC algorithm to the phase curves produced with a classical Gaussian-Tschebychev disk-integration scheme [10] coupled to a plane-parallel radiative transfer solver [11] . In the comparison, we focused on about 400 atmospheric configurations specific to horizontally inhomogeneous clouds; particle scattering was described by either the DHG parameterisation or by the full Mie treatment. The agreement was excellent in all cases, which covered very diverse cloud-atmosphere conditions. The PBMC algorithm clearly outpaces the classical approach when the particle scattering phase function becomes moderately asymmetric and a large number of streams must be utilised in the classical approach.
All computations were carried out on 'The Grid', the ∼80-core computer cluster at ESA/ESTEC-SSO. As with all Monte Carlo algorithms, the computational cost varies strongly with the number of scattering collisions that photons undergo before they are either absorbed or escape the medium. This translates into an increasing computational burden as the medium becomes optically thick and conservative. For planets with uniform gas (Rayleigh) atmospheres, Fig. 11 of Ref. [8] reports computational times for a range of conditions (optical thickness, single scattering albedo, surface reflectance). Computational times for more elaborate atmospheric configurations (including Mie scattering and patchy clouds) are reported in Table 1 of Ref. [7] . The times for a specified phase angle range from a fraction of a second to a few seconds for optical thicknesses of up to ∼10. Configurations with nonuniform cloud coverage run faster than the associated configurations with uniform optical thickness τ c all over the planet.
The majority of multiple scattering calculations with the PBMC algorithm were conducted with 10,000 photon simulations per phase angle, which results in accuracies typically better than a few percent. The convergence rate of the PBMC algorithm is sensitive to the asymmetry of the scattering phase function [7] , however, and to ensure convergence in all cases, we utilised 100,000 photons per phase angle for g 1 ≥0.9.
Figures S2 (DHG) and S3 (Mie) demonstrate with a few examples the sensitivity of the synthetic phase curves to the model input parameters.
For a given model phase curve, we infer the geometric albedo A g by specifiying α=0 in Eq. 1 (main text). The spherical albedo A s is defined as the fraction of monochromatic incident starlight that is scattered over all directions, and is obtained through numerical integration:
over the full range of the star-planet-observer phase angle α. In the case of a Lambert sphere, the ratio A s /A g =3/2. However, the ratio takes different values for non-Lambert scattering (see specific cases in Table 2 ). Kepler-7b is assumed to follow a circular orbit (eccentricity∼0.001 [2] ) of inclination angle i=85.2
• (Fig. S4 top) . The phase angle and orbital phase are related through the expression cos (α)=− sin (i) cos (2πOP). OP ranges from 0 to 1, while α ranges from +180
• to -180 • (Fig. S4 bottom) .
Goodness of fit. Confidence intervals for the model parameters. We built projected two-dimensional χ 2 maps for each of the r g =0, 0.1, 0.2 and 0.3 values in our grid. They are presented in Fig. 2 of the main text for r g =0.1, and in Figs. S8-S10 here for r g =0, 0.2 and 0.3. For each pair of parameters and selected r g , we minimised χ 2 (τ c , σ c , ∆φ c , ̟ 0 , g 1 , r g ) over the remaining three dimensions. We estimated confidence intervals for each individual input parameter by further projecting on each dimension the iso-contours of the two-dimensional maps and finding the boundaries for which the one-dimensional projection satisfies ∆χ 2 <15.1 with respect to the minimum, χ 2 m . Defined in this manner, the confidence intervals bracket the optimal combination of model input parameters that minimises χ 2 with a 99.99% probability [12, 13] . In the τ c direction the constant-χ 2 contours do not form closed patterns within the range of parameter values that we explored, which means that clouds with a larger optical thickness τ c at their centre, but shifted farther westward, might provide comparably low χ 2 s. This has no impact on the conclusions on the most relevant parameters for characterisation of the cloud and underlying gas, namely: ̟ 0 , g 1 , r g . Shown in Fig. S5 are stick plots that give the frequency of each model input parameter (top) and estimated albedos (bottom) within the minimal-χ 2 sets. Figure S2 . Sensitivity of synthetic phase curves to model input parameters. DHG parameterisation. Starting from our best-matching solution (Table 1; black colour, bold typeface in the legends), each set of curves shows the result of perturbing a single input parameter whilst keeping the others unchanged. Figure S3 . Sensitivity of synthetic phase curves to the particle effective radius. Full Mie treatment for multiple scattering. The calculations were conducted with τ c =150, σ c =25
• , ∆φ c =−75 • , r g =0.1, optical properties of the cloud particles based on silicate condensates (n r =1.6, n i =10 −4 ), and v eff =0.1 for the particle size distribution. Changing r eff affects both the particle scattering phase function (Fig. S1 ) and the single scattering albedo (Fig.  S6) . Each curve in the graph actually comprises two overlapping curves, one produced with the PBMC algorithm [8] and another one produced with a Gaussian-Tschebychev disk-integration scheme (16 points in each direction) [10] coupled to a plane-parallel radiative transfer solver [11] . The difference between the two approaches is typically less than the line thickness. Figure S4 . Viewing and orbital geometry. Top. Schematic showing the definitions of the star-planet-observer phase angle α, orbital phase OP and inclination angle i. In our implementation: α>0 for OP<0.5, and α<0 for OP>0.5. Bottom. Evolution of phase angle α with orbital phase OP. Data points within the transit and secondary eclipse (grey shaded areas) are excluded from the analysis. For i =90
• , α does not go through zero. Figure S5 . Investigation of the minimal-χ 2 sets in Table 2 . Top. Frequencies for input parameters of the atmospheric model for r g =0 (black, χ 2 /N≤1.025), 0.1 (blue, χ 2 /N≤1.021), 0.2 (green, χ 2 /N≤1.039), and 0.3 (red, χ 2 /N≤1.088). Sticks for r g >0 are slightly shifted to facilitate their visualisation. Bottom. Occurrence frequencies of albedos A g (left) and A s (right). The frequencies are normalised to the number of elements in each minimal-χ 2 set (289, 197, 160 and 131, respectively).
We conducted numerical experiments to assess the impact of measurement uncertainties on the retrieval of atmospheric properties and in turn on the degeneracy of the inversion problem. We used as a starting point our best-matching solution for r g =0 sampled at the OPs of the observations (Table 2) . We then added Gaussian noise at the one-sigma level of 5, 10 and 20 ppms for each of three experiments (for comparison the Kepler7b measurements have a median uncertainty of 19 ppm), and formed the corresponding minimal-χ 2 sets by comparing the so-produced experimental phase curves against the full grid of model phase curves. We then tried to recover the inserted synthetic phase curve, finding that a broad range of parameter combinations provided χ 2 deviations less than two percent relative to the corresponding minima. In the case of noise at the 5 ppm level this meant retrieved parameters: τ c =50-200; σ c =20-30
• ; −∆φ c =50-90
• ; ̟ 0 =1; g 1 =0.1-0.65. The range of model parameters that reproduce the simulated experiments is even broader for noise at the 10 and 20 ppm level. The numerical experiments reveal that small measurement uncertainties trigger the intrinsic degeneracy associated with the interpretation of brightness phase curves.
Mie theory calculations
We investigated the impact of composition and size of the cloud particles on both their single scattering albedo (̟ 0 ) and asymmetry parameter (g) with a Mie theory code [6] . We assumed for the particle sizes a power law distribution of effective variance v eff =0.1, which removes much of the structure associated with mono-disperse distributions while preserving the dominant particle size. We performed calculations over: 51 values of the effective radius r eff from 0.001 to 100 µm; 5 values of the real part of the refractive index, n r =1.1, 1.5, 2, 2.5 and 3; 14 values of the imaginary part of the refractive index, n i =0, 0.00001, 0.00003, 0.00006, 0.0001, 0.0003, 0.0006, 0.001, 0.003, 0.006, 0.01, 0.03, 0.06 and 0.1. We also included the combinations n r =1.6 and n i =10 −4 (relevant to Mg 2 SiO 4 and MgSiO 3 ), n r =2.25 and n i =10 −4 (relevant to CaTiO 3 ), and n r =1.5 and n i =10 −7 (relevant to SiO 2 ). All calculations assumed a wavelength of 0.65 µm appropriate to the passband central wavelength of Kepler. Figure S6 presents a selection of ̟ 0 (r eff , n r , n i ) and g(r eff , n r , n i ) curves. Figure 1 of Ref. [14] compiles refractive indices for exoplanet atmosphere condensates. We considered only substances that condense at temperatures of 1,000-2,000 K and whose optical properties can be determined in the op- Figure S6 . Mie theory calculations. Curves for ̟ 0 and g are produced and their dependences on r eff , n r and n i investigated. tical, namely: SiO 2 , Al 2 O 3 , FeO, CaTiO 3 , Fe 2 O 3 , Mg 2 SiO 4 (both Fe-rich and -poor), MgSiO 3 , Na 2 S, MnS, and TiO 2 . Of these, only SiO 2 , CaTiO 3 , Fe-poor Mg 2 SiO 4 and MgSiO 3 meet the condition n i 0.003 that we inferred from the model input parameters ̟ 0 and g within the minimal-χ 2 sets. It is therefore justified to rule out the other potential condensates at the 99.99% confidence level.
A s vs. A g diagram The geometric and spherical albedos are often-used measures of the overall planet reflectance. The A g -A s relationship for uniform atmospheres has been investigated in past work [4, 5, 15] . Our grid of model phase curves explores this relation in a broader range of configurations that includes nonuniform cloud coverage. The geometric albedo A g is defined as the planet net reflectance for a zero phase angle relative to the net reflectance of a Lambert disk with the same projected area. The spherical albedo is, by construction, A s ≤1. Figure S7 provides a graphic summary of the calculated albedos, organised by colours according to the asymmetry parameter g 1 of the forward component. In our DHG parameterisation, increasing g 1 values lead to increased backscattering, which typically results in enhanced A g values. 
